The convergence of a compact finite difference scheme for one-and twodimensional time fractional fourth order equations with the first Dirichlet boundary conditions is studied. In one-dimensional case, a Hermite interpolating polynomial is used to transform the boundary conditions into the homogeneous ones. The Stephenson scheme is employed for the spatial derivatives discretisation. The approximate values of the normal derivative are obtained as a by-product of the method. For periodic problems, the stability of the method and its convergence with the accuracy (τ 2−α ) + (h 4 ) are established, with the similar error estimates for two-dimensional problems. The results of numerical experiments are consistent with the theoretical findings.
Introduction
We consider the one-dimensional time fractional fourth-order equation
with the initial and boundary conditions
(1.3)
Considering the above problem in the situation where the time variable t does not appear, we obtain the biharmonic equation, which finds applications in incompressible fluid dynamics and in two-dimensional elasticity theory [2] . Numerical schemes for such problems are developed and well studied. Thus, for multi-space nonlinear parabolic partial differential equations and vibration problems, implicit difference schemes of order two in time and order four in space are, respectively, presented in [27] and [28] . It was already noted that for fourth-order diffusion equation with the second Dirichlet boundary conditions -i.e. if a second order derivative appears in the boundary conditions, the finding of numerical solutions is relatively easy. Thus writing the second order derivative as an auxiliary variable, one can split the original problem into a coupled system of two second-order equations with appropriate boundary conditions. However, the discretisation of the first Dirichlet boundary conditions requires special attention in order to match the global accuracy. As an uncoupled scheme, the Stephenson schemes of second and fourth order have been presented in [34] , fourth order accurate schemes in [4] and [12] , and a compact discretisation of the biharmonic problem with a fast FFT algorithm in [3] .
Traditional partial differential equations contains the derivatives of integer order only. Recently, fractional differential equations attracted substantial attention because of wide applications -cf. [26, 29, 30] . Thus for anomalous subdiffusion equations, finite difference schemes are considered in Refs. [5, 25, 41, 45] . Moreover, a difference scheme with spectral method [24] and fast finite difference methods [6, 37] are applied to space-fractional diffusion equations, to tempered fractional diffusion equations [17] , to time fractional equations [22, 39] and to multi-term time-fractional diffusion equations [31] . Compact finite difference schemes for subdiffusion equations are proposed and studied in [1, 8, 14] , where the error estimates (τ + h 4 ), (τ 2−α + h 4 ), (τ 2 + h 4 ) are, respectively, obtained. For one-dimensional space and time fractional Bloch-Torrey equation, the stability and convergence of a high-order difference scheme have been studied in [44] by the discrete energy method. Various high-order difference schemes for Stokes' first problem are considered for heated generalized second grade fluid with fractional derivatives [21] and for distributedorder time-fractional equations [11] . Galerkin and spectral element methods for fractional equations have been investigated in [23, 32, 40] .
The numerical solutions of fractional equations of fourth-order have been also considered -e.g. a compact algorithm for sub-diffusion equations with the first Dirichlet conditions [20] . A new variable was introduced and a high order difference scheme was developed with the convergence order (τ 2−α +h 4 ) in L 2 -norm. In addition, a local discontinuous Galerkin method for time-fractional fourth-order differential equations was studied in [16, 38] , an implicit compact finite difference scheme for the fourth-order fractional diffusion-wave system in [19] , and the hyperbolic equation describing the random vibra-tions of beams in [33, 43] .
In this work, we apply the fourth order Stephenson scheme to time fractional fourth order parabolic problems with the first Dirichlet boundary conditions. This scheme is naturally suited for Dirichlet boundary conditions and, in addition to the numerical solution {U n }, we can simultaneously obtain the derivative {U n x } or partial derivatives {U n x } and {U n y } while considering one-or two-dimensional problems. The efficiency of the Stephenson scheme in solving biharmonic problems is well-known [13] and this why we use it here. Balancing the time and space errors in high-order methods one can use significantly larger space mesh size than the time step size, which allows to reduce the order of the matrices of the corresponding linear systems at each time step. This paper complements the study [20] of difference schemes for the fourth-order time fractional sub-diffusion equations.
The paper is organised as follows. In Section 2 we transform the boundary conditions into homogeneous ones, approximate the fractional time derivative by L1-formula and use the one-dimensional Stephenson operator for the discretisation of spatial derivative. All this leads to a compact finite difference scheme for homogeneous problem (2.2). The stability of this scheme is considered in Section 3, while the convergence is discussed in Section 4. In the case of smooth solutions, we show that the numerical scheme under consideration has (2 − α) order of accuracy in time and fourth order accurate in space. Section 5 deals with the extension of the method to two-dimensional problems. Numerical experiments, presented in Section 6 show that computational error can be estimated as (τ 2−α )+ (h 4 ), consistent with the theoretical analysis. Our conclusion is in Section 7.
Difference Scheme
Let us start with the transformation of the boundary conditions into homogeneous ones. Recalling the Hermite interpolation, we consider the following basis functions:
It is easily seen that
Considering the Hermite interpolating polynomial
Our next task is to construct the solution of (2.2). Let M and N be positive integers. Setting h := (x R − x L )/M and τ := T /N , we introduce the uniform grid of mesh points (x i , t n ), where x i = x L + ih, i = 0, 1, · · · , M and t n = nτ, n = 0, 1, · · · , N . Then u(x i , t n ) is the value of the exact solution at the mesh point (x i , t n ), and U n i refer to the solution of the below difference scheme at the same mesh point. We recall auxiliary results concerning the approximation of fractional derivatives. [14] , Sun & Wu [35] ).
Lemma 2.1 (cf. Gao & Sun
Assume that u(t) ∈ C 2 [0, t n ] and consider the term
(a n−l−1 − a n−l )u(t l ) − a n−1 u(t 0 ) (2.3)
with the coefficients a l = (l + 1) 1−α − l 1−α . It follows from Lemma 2.1 that
Let ∆ x u n i and δ 2 x u n i be the spatial difference operators defined on the set of mesh functions u n i by
At the interior points x i , 1 ≤ i ≤ M − 1 the difference scheme is constructed following the ideas of [12] . Consider an operatorδ 4 x , approximating the partial derivative ∂ 4 /∂ x 4 . Let V n i be an approximation of (∂ u/∂ x)(x i , t n ). We define the operatorδ 4
x bỹ
This approximation of the fourth-order derivative of u n at x i is called the Stephenson's scheme [34] . Using (2.5) and Taylor series expansions, we writẽ
We now consider an implicit compact finite difference scheme for the problem (2.2) -viz.
(2.6)
Using the notation U n := (U n 1 , U n 2 , · · · , U n M −1 ) T and V n := (V n 1 , V n 2 , · · · , V n M −1 ) T , we note that (2.6) is a coupled system -i.e. the terms U n and V n have to be simultaneously determined. However, we can eliminate the unknown V n , derive U n and find V n afterwards.
Let I be the identity matrix and K, P, T, S be defined by
,
The second equation in (2.6) can be written as 7) and the operatorδ 4 x has the following matrix representation:
Writing
we represent Scheme I in the form
We point out that (2.8) contains the unknown {U n } only, and V n can be determined from (2.7) as soon as U n have been found.
Remark 2.2.
The matrix A contains the factors 1/h 4 and 1/τ α , which increase the rounding errors in the case of small h and τ. Therefore, in numerical experiments we multiply the corresponding equations by τ α to reduce the errors.
Theorem 2.1. Scheme I has a unique solution.
Proof. The coefficient matrix A in (2.8) is strictly diagonally dominant and hence invertible. Therefore, the solution of our compact finite difference scheme (2.6) exists and is unique.
Stability Analysis
For vectors v = (v 0 , v 1 , · · · , v M ) T , w = (w 0 , w 1 , · · · , w M ) T ,
we define the inner product and norms by
In what follows, we will drop subscript 2 in the discrete L 2 -norm and write it simply as · .
Lemma 3.1 (cf. Refs. [3, 12] ). The symmetric positive definite operatorδ 4 x can be written in the form Thomas [36] ). The matrix
has the eigenvalues
and ⊺ denotes the transposition operation.
If the tridiagonal matrix T r (a, b, c) is symmetric -i.e. if a = c, then it is orthogonally diagonalisable and has the inverse diagonalisable by the same orthogonal matrix. Since P −1 and T 2 are simultaneously diagonalisable, they commute [18] . Lemmas 3.1 and 3.2 can be used to study the properties of the matrix S. 
Since P is a symmetric matrix, its eigenvectors {ϕ i } M −1 i=1 form an orthonormal matrix. By Lemma 3.2, matrices T and P −1 have the same set of eigenvectors. The corresponding eigenvalues, denoted by λ i (T ) and λ i (P −1 ) for i = 1, · · · , M − 1, are positive. Since the
Therefore, there is a constant c 0 > 0 independent of h, such that
and the proof is completed.
Let a l be the coefficients in the Eq. (2.3). Then we have Lemma 3.4 (cf. Refs. [7, 42] ). The sequence {a l } is monotonically decreasing, tends to 0 as n tends to ∞, and satisfies the inequality
Using Lemmas 3.3 and 3.4, we can prove the stability of Scheme I. 
Proof. Considering the inner products of U 1 and the first equation in (2.8) and also U n and the second equation in (2.8) and recalling that a 0 = 1, we obtain
It follows from (3.1) that
Therefore,
Using the inequalities (3.4)-(3.6) in the Eq. (3.3), we write
(a n−l−1 − a n−l ) U l 2
If in the left-hand side of (3.7) we replace the positive term c 0 /h 4 by zero, it does not influence the inequality sign and (3.7) yields
Following [1] , we set
and use the method of mathematical induction to show that
for all 1 ≤ k ≤ n. Indeed, the inequality (3.10) is obviously valid for k = 1. Assume that (3.10) is valid for all k ≤ n − 1. It follows from (3.9) that E k is a nondecreasing function of k. Taking into account (3.8), one obtains
(a n−l−1 − a n−l )E n + a n−
(a n−l−1 − a n−l )E n + a n−1 E n = E n , and the inequality (3.10) is proved. Further, by Lemma 3.4,
Therefore, the inequality (3.10) can be rewritten as
which finishes the proof.
Error Estimates
It is well-known that the study of numerical methods for boundary values problems is more demanding than the treatment of periodic problems. In time independent problems, the error estimates are derived by considering the matrix of biharmonic discrete operator [12] . Following this work, we transformed nonhomogeneous boundary conditions into homogeneous ones. For simplicity, here we assume that the problem under consideration is periodic, so that in spatial direction(s) the biharmonic scheme has the fourth order accuracy. On the other hand, numerical simulations show that such accuracy can be also achieved for non-periodic boundary value problems.
Discretising the homogeneous boundary value problem (2.2), we write
The vector R n can be represented in the form
and the summands in the left-hand side of the last formula admit the estimates
which yield R n ∞ = (τ 2−α ) + (h 4 ).
(4.1)
Remark 4.1. The term R n 2 ∞ is estimated in [3] , while the estimate for R n 1 ∞ follows from Lemma 2.1.
The convergence of our numerical method is described by the following theorem. 
Proof. We consider the vector e n = (e n 1 , e n 2 , · · · , e n M −1 ) T with the components e n i = U n i − (v(x i , t n ) − H(x i , t n )), describing the error at the interior mesh points. Then
(a n−l−1 − a n−l )e l + R n , 1 ≤ n ≤ N .
It follows from (4.1) that the local truncation error R n can be estimated as
Taking into account the relation e 0 = 0 and the estimates (4.1) and (3.2), we obtain
which implies the inequality (4.2).
Two-Dimensional Problems
We now turn our attention to approximate solution of two-dimensional time-fractional fourth-order problems. Our approach is based on the fourth-order compact finite difference scheme for two-dimensional biharmonic problems [3] . For simplicity, here we only consider the problems with homogeneous boundary conditions -viz. 
where Ω = (0, L) 2 , n is the unit outwards normal to the boundary of Ω and ∆ 2 the biharmonic operator,
(5.2)
Compact finite difference scheme in two dimensions
We consider a difference scheme on a uniform mesh -viz. we set x i := ih, y j := jh, 0 ≤ i, j ≤ M with h = L/M and t n = nτ, 0 ≤ n ≤ N with τ = T /N . The nine-point discrete Stephenson approximation of the biharmonic operator (5.2) has the form
h,0 be the space of sequences {u i j }, 0 ≤ i, j ≤ M with the zero boundary conditions u i j = 0, {i, j} ∈ {0, M }. If I denotes the identity operator, then the Hermitian gradient (v, w) ∈ (L 2 h,0 ) 2 is defined by
and one-dimensional Stephenson operatorsδ 4 x byδ 4 y in the x− and y− directions arẽ
It is known that the above operators approximate partial derivatives of u with the fourth order accuracy, but
Nevertheless, the biharmonic equation ∆ 2 u = f can be approximated with the fourth order accuracy -viz.
We note that the right hand side of (5.3) contains only the values f i j , which can happen when the function f is known at interior points only [2, 3] .
Remark 5.1. The approximation properties of the operator∆ 2 h have been studied in [3] , where Taylor series expansions are used. Here we propose another proof of the fact that the discrete difference operator∆ 2 h provides a fourth order approximation for the differential operator ∆ 2 . Thus the mixed derivative ∂ 4 u/∂ x 2 ∂ y 2 can be approximated by the operator
with the fourth order accuracy. In other words, we use the usual compact finite differences δ 2 x (I + h 2 δ 2 x /12) −1 and δ 2 y (I + h 2 δ 2 y /12) −1 to, respectively, approximate the partial derivatives ∂ 2 /∂ x 2 and ∂ 2 /∂ y 2 . Since δ 2
x and δ 2 y commute, it follows that
Consequently, the relations
Using the compact scheme for steady problems and (2.4), we write the following fully discrete scheme for the problem (5.1):
Having determined the unknowns U i j , we then derive {V n i j } and {W n i j } from the systems of equations
with the boundary condition V n i j = W n i j = 0 for {i, j} ∈ {0, M }.
Matrix form of Scheme II
The two-dimensional finite difference operators acting on the space L 2 h,0 can be associated with an (M − 1) × (M − 1), M ≥ 2 matrix operators acting on vectors u i, j ∈ L 2 h,0 . We recall [10, 15] Let us write {U i, j } for the column vector
Using the so defined matrices T, P and vectors v 1 , v 2 , we represent the bidimensional Hermitian gradient as 
Consequently, with vectors {U n i j } ∈ L 2 h,0 , Scheme II can be written as
and F n = f n 1,1 , · · · , f n 1,M −1 , · · · , f n M −1,1 , · · · , f n
Similar to the one-dimensional case, we first derive {U n } from (5.8) and then use (5.5) to determine {V n } and {W n }.
Remark 5.2. The ordering of the column vector U is by rows first and then by columns, and the order of appearance of the matrices in the tensor products in (5.5)-(5.7) is different from those in [3] . Due to the symmetric form of the biharmonic operator (5.2), the fourth order difference operator∆ 2 h in (5.7) is unchanged -cf. Let u(x, y, t) and {U n i j } be, respectively, the exact solution of the periodic problem (5.1) and the numerical solution obtained by Scheme II. Moreover, let u n be defined on the mesh points similar to U n . If u(x, y, t) ∈ C 8,8,2
x, y,t ([0, L] 2 × [0, T ]), then
9)
where the constants C 1 , C 2 depend on u, L, T , and α, but not on τ and h.
Numerical Experiments
In this section, we consider a few numerical examples to test the convergence of our schemes. In all examples we fix T = 1. Moreover, in the first two examples x L = 0 and x R = 1. In Example 6.3 we set L = 1. As was already mentioned, if {U n } is known, then {V n } can be also found. Two-dimensional problems are handled analogously -i.e. if {U n } is known, then {V n } and {W n } can be easily computed, which is the advantage of the
Stephenson scheme. In one-dimensional setting we estimate the errors using the following discrete L 2 -norm and W 1,2 , W 1,∞ semi-norms:
In two-dimensional problems, the corresponding terms are evaluated in similar way -viz.
The approximate discrete W 1,2 , W 1,∞ semi-norms estimate the difference between the gradient of the exact solutions and the corresponding numerical approximations {V n }, {W n }.
Recalling that e N depends on τ and h, we write it as e(τ, h, t N ) for clarity. Since N is the integer part [1/τ] of 1/τ, we have N τ ≈ 1. To test the numerical convergence, we will follow the approach of [9] . Noting the theoretical estimate (5.9), we can expect that the replacing τ by τ/2 4/(2−α) and h by h/2, makes the numerical error estimate 16 times smaller since
for N and N such that N τ ≈Ñ τ/2 4/(2−α) ≈ 1. In addition, one of the parameters τ or h can be chosen sufficiently small to ignore its influence on the error estimate. It allows to test spatial and temporal convergence rates separately by using the relation
Of course, such a test depends on the assumption that the lower and upper bounds for the ratio C 1 /C 2 are known in advance, so that we can decide which parameter shall be small. Here we combine these two tests into one by an appropriate choice of mesh sizes. Consequently, in the numerical tests the experimental convergence order r = r(τ, h) is calculated as
where
As already mentioned, we expect that r = r(τ, h) ≈ log 2 16 = 4. Let us also note that in the numerical simulations, we consider the cases α = 0.25, α = 0.5 and α = 0.75. Example 6.1 (Homogeneous boundary conditions). We consider the problem (2.2), which has the solution u(x, t) = t 3 sin 2 (πx). In this case,
The errors of the compact scheme and the experimental convergence order are shown in Tables 1-3. We note that they are consistent with theoretical results. Example 6.2 (Nonhomogeneous boundary conditions). We consider problem (1.2)-(1.3), which has the solution v(x, t) = t 3 e x . In this case,
and the Hermite interpolation function has the form
The corresponding errors of the compact scheme are presented in Tables 4-6 and the accuracy meets our expectations. Example 6.3 (Two-dimensional problem. Homogeneous boundary conditions). We consider the problem (5.1), which has the solution u(x, y, t) = t 3 sin 2 (πx) sin 2 (π y). In this case,
(1 − cos(2πx))(1 − cos(2π y)) + 4π 4 t 3 (4 cos(2πx) cos(2π y) − cos(2πx) − cos(2π y)).
The corresponding errors of the compact scheme are presented in Tables 7-9 and they are consistent with the theoretical estimates. 
Conclusion
We studied the convergence of a compact finite difference scheme for one-and twodimensional time fractional fourth order equations with the first Dirichlet boundary conditions. In one-dimensional case, we used a Hermitian interpolation function to transform it into a problem with homogeneous boundary conditions. The Stephenson scheme is used for spatial derivatives discretisation. As a by-product of the method, the approximate values of normal derivatives are obtained. For periodic problems, the scheme is proved to be stable and convergent with the accuracy (τ 2−α ) + (h 4 ). In two-dimensional problems, the error estimates are similar. The results of numerical experiments are consistent with the theoretical analysis.
